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Eigenfunction Analysis of Turbulent Mixing Phenomena
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An analysis of the inviscid mixing of a turbulent jet in crossflow is considered. An experimental data base is
analyzed by means of a technique based on the empirical eigenfunctions. It is shown, for example, that mixing
that increases with downstream distance is characterized by patterns of increasing complexity. A firm quantita-
tive basis is presented that supports this visual perception of complexity.

Nomenclature
A = area
Oj = j th eigenfunction coefficient
c = scalar concentration
DI = complexity
Z>2 = weighted complexity
E = energy
K = correlation function
k = wave number
TV = ensemble size
pn = probability
S = length of nodal line
t = time
x = position
z = axial position
e = energy
\n = eigenvalue of order n
a = spectral entropy
</>„ = eigenf unction of order n

Introduction

M IXING processes play a vital role in the operation of
combustion systems for airbreathing propulsion sys-

tems. This paper is primarily concerned with the nature and
description of these mixing processes, including providing the
development of a framework, some tools, and even a language
by which to discuss mixing in quantitative terms. A longer
range goal of this research is to develop methods and criteria
for the management of the mixing process. Although the
principal focus is applied to a specific gas turbine combustor
problem, the methodology developed is equally applicable to
virtually every aspect of technology and engineering where
mixing processes are important.

As an example of a mixing-dominated problem, one can
consider the gas turbine combustor. The design and perfor-
mance of a gas turbine combustor requires good mixing
characteristics to achieve high burning rates, low soot/NOx
formation, and exhaust temperature uniformity. Typically,
however, complete mixing can only be accomplished at the
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expense of combustor length and pressure loss. A gas turbine
combustor flow path is characterized by three distinct zones1:
a primary zone where combustion occurs, an intermediate
zone where mixing-driven species recombination (to lower gas
temperatures) occurs, and a dilution zone where coolant air is
injected and mixed with the combustion gases to achieve a
desired turbine inlet temperature. Current designs for the dilu-
tion zone resort to a series of round jets, injecting cold air at
right angles to the primary gas flow to achieve the highest
degree of mixing. The rate of mixing, however, is strongly
influenced by the hole shape, momentum ratio of the jet/pri-
mary flow, turbulence level, axial distance, etc. To date, mix-
ing optimization has been largely an empirical process, and
any assessment of induced mixing has been indirectly inferred.
The present study will focus on a model problem of the
dilution zone, viz., a subsonic jet in a crossflow. As a result of
the relative pressure difference between the bypass and the hot
combustor flow, mass is entrained into the combustor flow-
field. The entrained flow effectively acts as a jet in crossflow.
Such problems have been previously studied experimentally by
Vranos and Liscinsky.2 In their experiment, advanced data
acquisition techniques using optically based diagnostics3 fur-
nish us with a wealth of detailed and highly resolved data.

Although the data that will be analyzed next are from a
physical experiment, the methodology presented is applicable
generally and could just as easily have been applied to a
computationally generated data base. An additional feature of
the investigation relates to the treatment of large data bases in
general. Our methods give a format for analyzing these, and
perhaps of equal importance we present a method that permits
substantial data compression. As will be seen, all of this is
accomplished by generating an intrinsically defined basis set
of describing functions, which in a well-defined sense are
optimal.

Preliminary Results
Although it is not necessary to restrict attention to two

dimensions, all of our deliberations will refer to concentration
fields in two-dimensional slices, z = const, of a flow. We will
denote the fluctuation in a concentration at a time t by c(x,t)
where x = (x,y) is a position in the plane. If we denote a time
average by

i f 7 7 2

<c>=-\ c(x,t)dt
1 J - 772

then the fluctuation is defined such that

(1)

<c(*)> d* =0 (2)
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where A denotes the area of the slice. Instantaneous averag-
ing,

<U(0 = T (3)

The smaller the average value of c,

c(*)<

is not necessarily a constant. Perhaps the coarsest and most
widespread measure of a passive scalar concentration field is
its rms value:

(4)

(5)

the better the mixing. Although Eq. (3) furnishes us with
information that locates and measures the fluctuations, it does
not address the issue of what are the scales of the fluctuations.
This is of great importance since the texture of the concentra-
tion field determines how soon molecular diffusion plays its
final role. When viewing fine grain vs coarse grain fluctua-
tions of equal magnitude, it is clear that the former is more
rapidly mixed than the latter.

This simple observation suggests that finer measures of
mixedness should be employed. For example, if it makes sense
to speak of the Fourier transform of c(jc), c(k), then we can
use the spectral entropy

a= - e(k) dk, e = Ic IVc*2•ms (6)

where e(£) is the energy at wave number k. Two other mea-
sures that will be discussed later are

I V c l

vcPdjc

(7)

(8)

The first of these, Eq. (6), addresses the diversity of scales,
while Eqs. (7) and (8) bring out the importance of small scales
in mixing. It should be noted that both Eqs. (7) and (8) are
dimensional and should be normalized with respect to the
Kolmogorov scale. More specifically, we are addressing that
part of the mixing process that is inviscid (large scale) and that
precedes molecular diffusion (small scale).

A shortcoming of the previous discussion is the absence of
physics, more specifically the isolation of basic patterns by
which the mixing process takes place. If the mixing process
can itself be decomposed into fundamental patterns or modes
of mixing, then we can hope to proceed to the goal of manag-
ing the mixing process by manipulating these fundamental
modes.

Karhunen-Loeve (K-L) Procedure
The K-L procedure was proposed by Lorenz4 and by Lum-

ley5 for the analysis of turbulence data, in the former instance
to treat meteorological data, and in the latter case to isolate
coherent structures. In each instance time series or their equiv-
alent were considered. In recent years it has been shown that
fully three-dimensional phenomena can be treated by this
method.6'7 This has been accomplished by the method of
snapshots that we now briefly develop within the framework
of the jet in crossflow, which we analyze in detail in the
Results section.

We consider the fluctuation field in a plane orthogonal to
the jet and denote it, as earlier, by c(x,t). We assume that the
mean value has been subtracted so that Eq. (2) is satisfied. The
concentration fluctuation is captured instantaneously at a uni-

formly spaced sequence of instants and the resulting ensemble
of such states is denoted by

= ( c ( x , t n ) } (9)

where as indicated the superscript denotes the instant of time.
Typical concentration profiles are shown in Fig. 1.

To develop the K-L procedure we pose the following ques-
tion: Is there some concentration profile that is most typical?
Stated analytically, for what 0 is

<t>(x,y)cW(x,y) dx dy (10)

a maximum? (Note that the time average is replaced by a
discrete average.) For this to make sense there must be some
constraint on </>; e.g., since we regard 0 as a concentration
fluctuation, we require

(11)

although any such requirement will suffice. (In the following,
E will be termed the energy.) The result of the variational
problem posed by Eqs. (10) and (11) is that </> satisfy

where

K(x,x ') = <c(x)c(x ')> = - £

(12)

(13)

is the autocorrelation of the ensemble of concentrations. The
eigenfunction equation, Eq. (12), generates a complete set of
functions, each of which satisfies the extremal condition of
Eqs. (10) and (11), along with the side condition that it be
orthogonal to all previously generated eigenf unctions. With-
out loss of generality we can take the set of eigenfunctions to
be an orthonormal set.

A considerable reduction in the complexity of the problem
is achieved by recognizing that an eigenfunction that satisfies
Eq. (12) with K such that Eq. (11) holds must be an admixture
of instantaneous snapshots, i.e., we can write

(14)

This reduces the integral equation, which in general may have
support in many dimensions, to the relatively simple step of
the diagonalization of a matrix of order N. This version of the
K-L procedure is known as the method of snapshots. As a
result of the completeness of the eigenfunctions we can express
the time-dependent concentration in terms of the eigenfunc-
tions {</>„(*)) as follows:

c(x,t)=

where

(15)

(16)

The set {</>„) is termed the empirical eigenfunctions, and they
have the property that the variance

a = < l l c - IX0JI2>'/2 (17)

is minimal (for any N) over the class of all admissible or-
thonormal basis sets. One additional characterization is that
with the empirical eigenfunctions and only with these are the
coefficients decorrelated

(18)
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Fig. 1 Three typical cross-sectional snapshots compared with the
time-averaged concentration (bottom right) for a subsonic jet in cross-
flow.

and from this the (information) entropy is minimal amongst
all representations.8 Using this, it follows from the definition
of Eq. (13) that

<^2> = A* (19)

It may be of some help in understanding the role of the
empirical eigenfunctions to consider the following thought
experiment. Imagine a data base generated by recording the
time series measured at uniformly placed points of a randomly
plucked string that is fixed at x = 0 and x = 1. If, without
prior knowledge of how the data base was created, we apply
the K-L procedure to it, and then the empirical eigenfunctions
are found to be the Fourier modes,

(20)

which, of course, are the best functions to employ in dealing
with the problem of the plucked string. In fact, what has just
been described can be used for the determination of eigenfunc-
tions of many linear operators.9

As an illustration of the procedure (and one that is mathe-
matically identical to the case that we specifically consider
here), we show in Fig. 2 the average face of an ensemble of 125
male faces,10'11 next to this is a typical face of the ensemble,
and next to that the fluctuation of the typical picture (the
background gray represents the zero level), termed the carica-
ture (Fig. 2 has been recomputed from the reported data base).
Following that we show in Fig. 3 the first six eigenpictures as
generated by the snapshot method. Note that the eigenpictures
are even or odd functions in the midline. This is a result of the
fact that the ensemble was doubled in size by adding to the
ensemble the mirror image of each member. This artifice,
which doubles the ensemble size, brings out a latent symmetry
that would otherwise be brought out only in a much larger
ensemble. It also applies in our study of the jet in crossflow,
since the physical experiment respects this particular symme-
try. With these eigenpictures we can represent a typical face in
terms of 50 eigenpictures, with an average variance (mean
square error) of less than 3%. This is instead of the 0(104)
pixel gray levels that are required in specifying a typical face as
in Fig. 2.

As another illustration and one that is more closely related
to the present investigation, we show in Fig. 4 an instanta-

neous shot of the longitudinal cross section of a turbulent
jet.12 When the previous analysis is applied to this case, we get
eigenfunctions of the sort shown in Fig. 5 (Figs. 4 and 5 have
been recomputed from the reported data base). The individual
eigenfunctions clearly bring out features of the flow.

Data Compression
Since the empirical eigenfunctions are optimal with regard

to the representation of phenomena, they are also highly effi-
cient in the packing of data. We can imagine a data base
generated through experiment or computation. In the context
of a turbulent flow, this would mean having data dumps or
snapshots of the flowfield at discrete times. For example, we
would have snapshots of the flow

The collection of these files c(n\x) then constitutes the data
base. Instead of storing this collection, we can store the set of
eigenfunctions </>„(*) that was generated by the step-by-step
procedure. Then, to within a criterion error tolerance, each
snapshot can be stored by approximating it by a finite sum

M

n= 1

This procedure entails saving only M eigenfunctions once
and an additional M scalars a\, a2, . . . , aM for each snapshot.
Compressions of 50-100 have been achieved10'11 in this way at
the expense of relatively small percentage errors. Illustrations
of the compression capability, in terms of relatively few eigen-
functions, have been presented in Refs. 10-12.

Description of Experiment/Data Base
A round jet injected at right angles to a subsonic primary

stream induces the characteristic flow structure seen in Fig. 6.
Initially, the jet begins with an inviscid or potential core,
persisting until viscous mixing effects predominate. The de-
flection of the jet by the primary stream induces a pair of
counter-rotating vortices that result in the familiar kidney-
shaped jet cross section on average. An inviscid secondary
flow mechanism13 is responsible for their generation. As indi-
cated in the figure, a horseshoe vortex is also generated by the
interaction of the jet with the upstream primary flow bound-
ary layer.

In the initial experiments by Vranos and Liscinsky,2 the
geometry and flow conditions at the boundaries were modeled
to facilitate the interpretation of the data and to allow com-
parison of the results with those of other investigators, i.e., a
single jet in cross flow. The apparatus is shown schematically
in Fig. 7. The working section consisted of three parallel
contiguous ducts of rectangular cross section, simulating a
sector of an annular gas turbine combustor. The inner duct

Fig. 2 Average face (over 125 male faces), typical snapshot, and its
caricature.
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Fig. 3 Six eigenfunctions of 125 male faces.

Fig. 4 First 6 snapshots of an ensemble of 300 snapshots for a
turbulent jet (flow is from bottom to top).

was of width 30.5 cm and height 10 cm. Optical access was
available from the side through a 30.5 cm x 10 cm x 0.16 cm
pyrex window. Air forming the jet was fed through a single
orifice in the upper wall of the test section. The hole was
beveled inward and brought to a sharp edge at the discharge
plane. Gas flows were metered using critical flow orifices, and
jet velocities were measured with hot-wire anemometry.

The character of the flow depends on the momentum, pjVf,
carried by the injected fluid gas to that of the cross flow gas,
pcVl. This momentum ratio [M - (pjVf)/(pcV^)] was varied

by changing the velocity of the injected fluid at constant
cross-flow velocity. The experiments were conducted over a
Reynolds number range of 50-80,000 based on jet diameter
and cross-flow conditions. The working fluid was air at room
temperature, and jet velocities were sufficiently low to elimi-
nate compressibility effects.

Planar digital imaging of the light scattered from small
aerosol particles was used to ascertain jet concentrations. This
technique, known as Lorenz-Mie scattering, is based on the
principle that, for a gas seeded uniformly with aerosol parti-
cles, the intensity of elastically scattered light from the aero-
sols is proportional to the concentration of the seeded gas. If
the seeded gas mixes with a second unseeded gas, the number
of scattering particles is less in a given volume and therefore
proportionally less radiation is scattered. Planar digital imag-
ing has been demonstrated as an effective, quantitative diag-
nostic technique in small laboratory jets by Long et al.3 Planar
nephelometry measurements were made by marking the flow-
field with small aerosol particles introduced into the nozzle gas
upstream of mixing baffles. A transverse section (z = const)
of the flowfield was briefly illuminated by reflecting a beam of
unfocused argon-ion laser light with a rotating mirror. The
elastically scattered light was imaged onto a low light level
vidicon camera and digitized. The fluid motion was frozen by
exposing the detector for only 10 /xs coincident with a single
sweep of the laser beam through the flowfield. The light sheet
was approximately 500 /mi thick and passed through a trans-
verse slice of the jet at several stations downstream. The
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rotation rate of the mirror was sufficiently fast so that all
measurements within the frame are considered simultaneous.
Each image (data frame) consists of approximately 10,000
data points arranged in a 100 x 100 pixel format. The raw
images were corrected for background response due to detec-
tor noise, scattered light, and laser sheet nonuniformity.

The data base we analyze here is composed of three sets of
images collected at z =4, 6, and 8 jet diameters downstream
from the jet orifice at a momentum ratio M of 15.2 together
with additional sets collected at the 8-diam station, one with a
higher momentum (M = 17.5), and the other with a lower
momentum ratio (M = 6.9). Each image set consists of ap-
proximately TV = 500 snapshots.

Figure 1 shows three instantaneous realizations and the
average 500 realizations at the 6-diam station. In Fig. 8, we
show the symmetrized versions of the average concentration
fields at the 4-, 6-, and 8-diam stations. For each of the five
data bases described, we have doubled the ensemble size by
adding to each ensemble the mirror images, in the vertical
midline, of each ensemble member. In doing this we are ex-
ploiting the natural symmetry that should be present in the
flow that is shown in Fig. 6. This addition to the ensemble
produces eigenfunctions that are either odd or even in the
vertical midline, a result that would not be realized unless the
ensemble size becomes relatively large. Comparison of the
average at the 6-diam station with its unsymmetrized version
shown in the fourth quadrant of Fig. 1 illustrates the strong
tendency toward mirror symmetry.

Although the data represent the large-scale flow structure
well in the concentration profiles, a considerable degree of
noise and drift were present in the images. To standardize this
large data base for comparison between different experimental

conditions and data acquired over long periods of time, the
data were normalized in the following manner. A reference
value for each snapshot was determined from a 10 x 10 pixel
area containing no seeded fluid in the corner of each snapshot.
A systematic drift in the measured concentration was elimi-
nated based on these values, and the data were then rescaled so
that the mean concentration flux through each picture was
constant. In addition, filtering in Fourier space was used to
remove some background noise. Although this renormaliza-
tion changes the concentration values and hence the dynamic
range, the macroscopic flow structure remains preserved. Pre-
sent plans call for further experimentation in a more con-
trolled manner.

Results and Discussion
The K-L procedure described earlier is now applied to the

various cross-flow jet data that was described in the previous
section. In all instances we deal only with the fluctuation from
the average concentration. Typical snapshots of the set cross
section have been shown in Fig. 1. In presenting the eigenfunc-
tions we will typically arrange them in descending order of the
magnitude of the eigenvalues, Eq. (19). Each eigenvalue is a
measure of the degree to which the corresponding eigenfunc-
tion has been excited. If we divide the eigenvalues by the
energy, Eq. (11),

pn = \n/E (23)

fl can be interpreted as being a probability. It tells us the
probable degree to which the jet cross section is in the state
described by </>„(*). Figure 9 contains the first 12 eigenfunc-
tions for the low momentum ensemble. We have chosen this
case to illustrate the nature of the eigenfunctions both because
of the lower degree of complexity that results from its low
momentum ratio and the relatively high signal-to-noise ratio.
As a result of the former, the seed concentration is still poorly
mixed, and the eigenfunctions then are naturally arranged in
order of increasing mixedness by their corresponding eigenval-
ues. The first eigenfunction shown reflects the fact that al-
though < c > =0, at any instant the concentration need not
have a zero spatial average since temporal pulsations are pre-
sent in general; see Eq. (3). The second most probable eigen-
function allows for bilateral variation. It has two cells, the
third has three cells, and the fourth has four cells. The com-
plexity and cell number is seen to increase as we proceed

Schematic
Fig. 6 Schematic diagram of a subsonic jet in crossflow.
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Fig. 5 First three eigenfunctions of the turbulent jet shown in Fig. 4. Fig. 7 Schematic diagram of jet in crossflow experimental facility.



1686 WINTER ET AL.: TURBULENT MIXING PHENOMENA

Fig. 8 Symmetrized cross-sectional averages for the 4-, 6-, and 8-diam stations.

-100 100

Fig. 9 First 12 empirical eigenfunctions from the low momentum ratio ensemble (scale ± 100).

through the list of eigenfunctions. On the basis of the princi-
pal eigenfunctions, as we move down the list of eigenfunctions
we see the possibility of increasing breakdown in the length
scale by increasing complexity in the patterns. The notion of
complexity is visual at this point and will be made more precise
later in this section. Figure 10 shows the first five eigenfunc-
tions, derived from data collected at the 4-, 6-, and 8-diam
stations, arranged in rows. The first row corresponds to the
section closest to the jet, where the mixing is poorest. There is,
in fact, a close resemblance between the first rpw and Fig. 9.

We adopt as a reasonable criterion for well mixedness that
more highly complex patterns become more probable. This
would require, for example, the retention of more terms in Eq.
(22). Such a trend is apparent from the rows of eigenpictures

in Fig. 10. On visual grounds it is apparent that mode crossing
is taking place and that at 8 diameters downstream the domi-
nant pattern is made up of four cells. As we move down the
three rows, we see increasing complexity developing, reflecting
progressive mixing as we move downstream.

Our use of the term complexity has been based, thus far, on
visual appearance. We next make this notion more precise by
defining several different measures of complexity. The first of
these, termed the S complexity, is based on the total length of
the nodal lines of a function. In Fig. 11 we show the nodal
lines that correspond to the eigenfunctions of Fig. 9. Simple
functions, with few cells, have short nodal lines whereas con-
voluted functions have correspondingly longer nodal lines. In
practice, the nodal line depends sensitively on the amount of
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-120 120

Fig. 10 Comparison of the first five eigenfunctions ordered by the associated eigenvalue with the most energetic at the left (scale ± 120).

experimental noise that contributes extraneous zero crossings
and we prefer to use contours at criterion heights ± z:

1
2A-

d/ d/ (24)

where y(z) denotes the level curve of <l>(x,y) at height z. The S
complexity is normalized by A 1/2, the square root of the area of
the eigenvalue picture, and is therefore dimensionless. The S
complexity fails to account for the characteristics of the eigen-
pictures that do not intersect the level curves y( ± z). Two
measures that may be regarded as the sum of the lengths of all
of the level curves are

and

D2= (V0)2cL4

(25)

(26)

Both of these measures, which have been defined to be dimen-
sional, are equivalent to Eqs. (6) and (7).

The second of these is weighted by V</> to emphasize level
lines passing through regions where the function changes
rapidly. These measures, too, are susceptible to experimental
noise propagated through to the eigenpicture. However, an
initial smoothing (by filtering in Fourier space) of the experi-
mental snapshots yields broad agreement between D\ and D2.

The spectral entropy, previously given by Eq. (5), is given
by

(27)

where e(fc), the energy at wave number k, is the square magni-
tude of the Fourier transform of </>(*). It follows therefore that
e(k) is a probability, i.e.,

e(*) dfc - (28)

The one-dimensional form of Eq. (27) has been used to char-
acterize the complexity of certain patterns occurring in ther-

Fig. 11 Nodal lines derived from the low momentum ratio data set
used to determine S complexity.

mal convection.14 If the eigenpicture is a single Fourier mode,
then the spectral entropy is zero, whereas if the energy is
distributed uniformly amongst all of the modes, then a—1.
Note that the spectral entropy does not distinguish between
high and low wave-number modes and for this reason is less
useful than Eqs. (25) or (26) for purposes of assessing mixed-
ness.

There is broad agreement between the orderings of the
eigenpictures according to the D\, Z>2, and a measures. Figure
12 shows the first few eigenvalues at 4-, 6-, and 8-diam sta-
tions, plotted in order of increasing D2 complexity of the
corresponding eigenpicture. At the 4-diam station, the sim-
plest, almost dc, eigenfunction contributes most to the flow.
Increasingly complex eigenfunctions carry decreasing ener-
gies. At the 6-diam station, there is no longer an almost dc
eigenf unction, and the mode carrying the most energy has two
cells and odd symmetry about the center line. Additionally, the
second largest eigenvalue corresponds to the sixth least simple
eigenpicture. This four-celled mode (also recognizable as the
second eigenpicture at the 4-diam station) carries most energy
at the 8-diam station. Simpler eigenpictures contribute less to



1688 WINTER ET AL.: TURBULENT MIXING PHENOMENA

0 4 8 1 2 0 4 8 1 2 0 4 8 1 2
Mode number Mode number Mode number

Fig. 12 Eigenvalue number 4-, 6-, and 8-diam stations plotted in
order of increasing Z>2 complexity of the corresponding eigenvalue.

Cases LJ , L2, L3

0.08

0.06

Eigenvalue
0.04

0.02

4 6 8 10
Mode number

12

Spline correlated distributions

Fig. 13 Coplotted spline smoothed eigenvalue distributions.

the flow's structure, indicating a more complex, better mixed
flow.

Conclusions
This paper has focused on the problem of mixing and mix-

ing assessment. More specifically, it makes the following ob-
servations:

1) The technique of "empirical eigenfunctions" has been
developed and applied to the analysis of a mixing dominated
flow. A language coupling mixedness with pattern structure
was developed and quantitative measures of mixedness de-
fined.

2) The technique has demonstrated a method for extract-
ing a maximum degree of flow physics from advanced nonin-
trusive diagnostic data. Individual snapshots of data can now
be interrogated for mixing scales and levels.

3) The technique was applied to a jet in crossflow and
quantitatively verified one's intuitive expectations of a most
mixed state, i.e., the flow is better mixed further downstream,
higher jet momentum ratios mean more mixing. In particular,
by disregarding the effect of data scatter (by cubic spline
fitting data from Fig. 12), one can quickly observe in Fig. 13
the effect of increased downstream distance on mixing in the
growth of complexity with distance.

4) An observation is made that the greatest level of mixed-
ness correlates with activating modes with greater complexity.

A sensitive metric of the mixedness of a flow is afforded by
assessing the probability with which complex modes are ex-
cited.

Finally, with the development of a quantitative measure of
mixedness, one can now consider mixing optimization or man-
agement, by selective enhancement or damping of specific
eigenf unctions, for a wide range of applications and ge-
ometries. The technique, having been applied in this paper to
experimental data, could equally well be applied to computa-
tional data.
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